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Let M be an orientable compact irreducible and ∂-irreducible 3-manifold, and suppose
∂M consists of two boundary components F1 and F2 with g(F1) = g(F2) > 1. Let M f be
the closed orientable 3-manifold obtained by identifying F1 and F2 via a homeomorphism
f : F1 → F2. With the assumption that M is small or g(M, F1) = g(M) + g(F1), we show
that if f is suﬃciently complicated, then g(M f ) = g(M, ∂M) + 1.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let M1 and M2 be two orientable irreducible ∂-irreducible 3-manifolds with boundary. Let Fi be a boundary component
of Mi (i = 1,2). Suppose F1 ∼= F2 ∼= F . We can glue M1 to M2 via a homeomorphism f : F1 → F2 and obtain an orientable
3-manifold M = M1 ∪ f M2. By amalgamating minimal genus Heegaard surfaces of M1 and M2, we could see g(M) 
g(M1) + g(M2) − g(F ). An interesting problem is that when does the equality hold. Lackenby [3], Souto [6] and Li Tao [4]
show that if f is suﬃciently complicated, the equality holds. Kobayashi and Qiu show that if both M1 and M2 have high
distance, the equality holds.
In this paper, we consider the analogue problem for gluing two homeomorphic boundaries of a connected 3-manifold.
In [2], Du gets a result in the spirit of Kobayashi and Qiu. And in this paper, we get a result similar as in Li Tao [4].
Let M be an orientable compact 3-manifold. If there is a closed surface S which cuts M into two compression bodies V
and W such that S = ∂+V = ∂+W , then we say V ∪S W is a Heegaard splitting of M , while S is called a Heegaard surface
and g(S) is called the genus of this Heegaard splitting. If g(S) is minimal among all the Heegaard splittings of M , then
g(S) is called the Heegaard genus of M , denoted by g(M). Suppose ∂0M is a collection of components of ∂M and suppose
∂0M = ∂V− (or ∂W−), then we say M = V ∪S W is a Heegaard splitting of M relative to ∂0M . In such case, if g(S) is
minimal among all Heegaard splittings of M relative to ∂0M , then g(S) is called the minimal genus of M relative to ∂0M ,
denoted by g(M, ∂0M).
M = V ∪S W is said to be reducible (weakly reducible), if there are two essential simple closed curves α and β on S
which bounds disks in V and W respectively and they are isotopic (disjoint) on S . If a Heegaard splitting is not (weakly)
reducible, then it is said to be (strongly) irreducible.
Suppose M is an orientable connected compact irreducible and ∂-irreducible 3-manifold. Let Q be a properly embedded
surface. Suppose Q is not a 2-sphere or a disk. We say Q is essential if it is incompressible and ∂-incompressible. Let
P be a properly embedded separating surface in M (not necessarily connected). Suppose the surface P splits M into two
submanifolds X and Y , where X and Y are on different sides of P (note that X and Y may be disconnected). We say P is
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in Y . We say P is ∂-strongly irreducible if
(1) each compressing and ∂-compressing disk of P in X meets each compressing and ∂-compressing disk of P in Y , and
(2) there is at least one compressing or ∂-compressing disk on each side of P .
Let M be an orientable compact irreducible ∂-irreducible 3-manifold, and suppose ∂M consists of two boundary components
F1 and F2 with g(F1) = g(F2) > 1. Let M f be the closed orientable 3-manifold obtained by identifying F1 and F2 via a
homeomorphism f : F1 → F2, and let F be the surface in M f which is the image of F1 and F2 after gluing. Then M f
is a Haken manifold, i.e. M f is irreducible and contains an incompressible surface F . It’s often helpful to view M as a
submanifold of M f , i.e., M = M f − N(F ), where N(F ) = F × (1,2) is a small regular neighborhood of F in M f , and Fi can
be viewed as F × {i} (i = 1,2).
Then we deﬁne the curve complex of F introduced by Harvey. Let F be a connected closed orientable surface. The curve
complex of F is the complex whose vertices are the isotopy classes of essential simple closed curves in F . If the genus of F
is at least 2, then k + 1 vertices in this complex determine a k-simplex, if they are represented by pairwise disjoint curves.
We denote the curve complex of F by C(F ). For any two vertices α and β in C(F ), the distance d(α,β) is deﬁne to be the
minimal number of 1-simplices in a simplicial path jointing α to β . In this paper, we do not distinguish a vertex in C(F )
from a simple closed curve in F representing this vertex, unless stated.
Then we deﬁne the complexity of M f similar as in [4].
Deﬁnition 1. Let M, F1, F2, f and M f be as above. We ﬁx a properly embedded essential surface or strongly irreducible and
∂-strongly irreducible surface Ωi in M with ∂Ωi ∩ Fi = ∅ and suppose the Euler characteristic χ(Ωi) is maximal among
all such surfaces. We deﬁne Ui to be the set of vertices in C(Fi) as vertices represented by components of ∂Ωi ∩ Fi .
By projection F × I to F , we may view U1 and U2 as curves on F . Then we deﬁne d(M f ) = d(U1,U2) in the curve
complex C(F ).
It’s possible that one of Ui is empty. If such case occurs, we deﬁne d(M f ) to be ∞.
The main result of this paper is the following:
Theorem1. Let M, F1, F2, f and M f be as above. Furthermore suppose that M is small (i.e., M doesn’t contains a closed incompressible
surface which is not ∂-parallel) or g(M, F1) = g(M)+ g(F1). Then there is a number K depending only on M, such that if d(M f ) > K ,
then g(M f ) = g(M, ∂M) + 1.
2. Preliminary
Let M, F1, F2, f and M f be as in Section 1. For any integers g and b, let C
(i)
g,b (i = 0,1) be the collection of orientable
surfaces properly embedded in M , such that any P ∈ C (i)g,b has at least one boundary component in Fi , ∂ P is essential in
∂M , g(P ) g and |∂ P − Fi | b.
Lemma 2.1. ([4]) Let P and Q be surfaces in C (i)g,b . Suppose Q is essential and suppose P is either essential or strongly irreducible and
∂-strongly irreducible. Then there exists a number K ′ that depends only on g and b, such that the distance d(∂ P ∩ Fi, ∂Q ∩ Fi) K ′
in C(Fi).
Lemma 2.2. ([4]) Let P be a strongly irreducible surface properly embedded in M. If P is not ∂-strongly irreducible, then there is a
surface P ′ obtained by ∂-compressing P and deleting any resulting ∂-parallel components, such that P ′ is either
(1) strongly irreducible and ∂-strongly irreducible or
(2) essential in M, or
(3) P ′ = ∅, i.e., after some ∂-compressions on P , every component of the resulting surface is ∂-parallel.
Lemma 2.3. Let M, F1, F2, f and M f be as above. Then there is a number K ′′ which depends only on M and g, such that, if
d(M f ) > K ′′ , then any closed incompressible orientable surface of genus at most g in M can be isotoped to be disjoint from F .
The proof of this lemma is essentially the same as Lemma 4.1 in [4], so we omit it.
Lemma 2.4. ([1]) Let M be a compact, irreducible, orientable 3-manifold with ∂M incompressible, if non-empty. Suppose S is a
strongly irreducible Heegaard surface of M. Suppose further that M contains an incompressible, orientable, closed, non-boundary
parallel surface F . Then either
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M − N(F ), where N(F ) is a small neighborhood of F in M,
(2) S may be isotoped to be transverse to F , with every component of S − N(F ) incompressible in the respective submanifold of
M − N(F ) except for exactly one strongly irreducible component, or
(3) S may be isotoped to be almost transverse to F (i.e. S is transverse to F except for one saddle point), with every component of
S − N(F ) incompressible in the respective submanifold of M − N(F ).
3. Proof of Theorem 1
Suppose V ′ ∪S ′ W ′ is a minimal genus Heegaard splitting of M f . It’s easy to see that g(S ′)  g(M, ∂M) + 1 by the
construction so called “self-amalgamation of Heegaard splittings”, see [2].
Let Ωi (i = 1,2) be the ﬁxed essential surface in M used in deﬁning d(M), i.e., d(M) = d(∂Ω1 ∩ F1, ∂Ω2 ∩ F2).
Let g = 2(g(M, ∂M) + 1), b = 2g . Then by Lemmas 2.1 and 2.2, we get two constants K ′ and K ′′ . Let K = max{2K ′ +
4g(M, ∂M) + 1, K ′′}. Note that K only dependents on M .
Claim. S ′ is weakly reducible.
Suppose that S ′ is strongly irreducible. Let N(F ) = F × I be a small closed product neighborhood of F in M f . By
Lemma 2.3, assume that each component of S− int(N(F )) is either incompressible or strongly irreducible in M = M f −N(F ).
Suppose Si be the collection of components of S ′ ∩ M − N(F ) which intersects Fi . Moreover, both S1 and S2 are essential
subsurfaces of S ′ , i.e., ∂ S1 and ∂ S2 are essential curves in S ′ . It’s obvious that χ(S1) + χ(S2) 2χ(S ′). By projecting F × I
to F , we may view ∂ S1 and ∂ S2 as curves in F . By Lemma 2.3, S ′ is transverse to every level surface F ×{t} in F × I except
for at most one saddle tangency which only occurs in case (3) of Lemma 2.3. Thus, for any components γ1 and γ2 of ∂ S1
and ∂ S2 respectively, d(γ1, γ2) 1 in C(F ).
Since F is a closed incompressible surface and S ′ is a Heegaard surface, F ∩ S ′ = ∅ after any isotopy. Hence neither S1
nor S2 could become a set of ∂-parallel surfaces after ∂-compressions on S1 and S2 in M . Thus by Lemma 2.2, we can
obtain a pair of connected surfaces S ′1 and S ′2 by some ∂-compressions on S1 and S2 respectively, such that S ′1 and S ′2
are either essential or strongly irreducible and ∂-strongly irreducible in M . The numbers of ∂-compressions on S1 and S2
are at most −χ(S1) and −χ(S2) respectively. Since each ∂-compression changes a curve by distance at most one in C(F ),
d(γ1, γ ′1)−χ(S1) for any components γ1 of ∂ S1 and γ ′1 of ∂ S ′1 respectively.
Since −χ(S1) − χ(S2)−2χ(S ′) = 2(2g(S ′) − 2) 4g(M, ∂M) and d(γ1, γ2) 1 for any components γ1 and γ2 of ∂ S1
and ∂ S2 respectively. Hence, for any components γ ′1 and γ ′2 in ∂ S ′1 and ∂ S ′2, we have d(γ ′1, γ ′2)  d(γ ′1, γ1) + d(γ1, γ2) +
d(γ2, γ ′2)−χ(S1) + 1− χ(S2) 1− 2χ(S ′) 4g(M; ∂M) + 1.
Since χ(Ω1) + χ(Ω2)  χ(S ′1) + χ(S ′2)  χ(S1) + χ(S2)  2χ(S ′), we can easily get that each Ωi, S ′i ∈ C (i)g,b . Hence,
by Lemma 2.1, d(∂Ω1 ∩ F1, ∂Ω2 ∩ F2)  d(∂Ω1 ∩ F1, γ ′1) + d(γ ′1, γ ′2) + d(γ ′, ∂Ω2 ∩ F ′2)  K ′ + 4g(M, ∂M) + 1 + K ′  K .
Contradiction. Hence S ′ is weakly reducible.
Then by [5], M f = V ′ ∪S ′ W ′ = (V1 ∪P1 W1)∪H1 · · · ∪Hn−1 (Vn ∪Pn Wn), where each Vi ∪Pi Wi is strongly irreducible, and
each Hi is incompressible.
Since g(Hi) < g(S ′), g(Hi)  g(M, ∂M), then by Lemma 2.3, assume that F ∩ Hi = ∅ for each i, so F is contained in
some Mi = Vi ∪Pi Wi .
Since g(Pi) < g(S ′), by arguments as in Claim, we can isotopy F to be disjoint from Pi , hence F can be pushed to a
component of Hi−1 or Hi , say Hi .
There are two cases:
Case 1. Hi consists of two copies of F .
Suppose that F ′ and F ′′ are two copies of F in Hi , and let H ′i = Hi − (F ′ ∪ F ′′).
Amalgamating Heegaard splittings on both sides of Hi , we obtain that
M f =
(
V ′1 ∪P ′1 W ′1
)∪Hi
(
V ′2 ∪P ′2 W ′2
)= M ′1 ∪Hi M ′2,
where
M ′1 = V ′1 ∪P ′1 W ′1 = (V1 ∪P1 W1) ∪H1 · · · ∪Hi−1 (Vi ∪Pi Wi)
and
M ′2 = V ′2 ∪P ′2 W ′2 = (Vi+1 ∪Pi+1 Wi+1) ∪Hi+1 · · · ∪Hn−1 (Vn ∪Pn Wn).
With no loss of generality, assume that a component of M ′2 is F × I . Then M ′2 = M ′′2 unionsq (F × I) = (V ′′2 ∪P ′′ W ′′2 )unionsq (V̂ ∪ P̂ Ŵ ) =
(V ′′2 unionsq V̂ )∪(P ′′2unionsq P̂ ) (W ′2 unionsq Ŵ ) = V ′2 ∪P ′2 W ′2. Then we can see M = M f − F × I = M ′1 ∪H ′i M ′′2 = (V ′1 ∪P ′1 W ′1)∪H ′i (V ′′2 ∪P ′′2 W ′′2 ) =
V ′′ ∪P ′′ W ′′ . Hence V ′ ∪S ′ W ′ = (V ′′ ∪P ′′ W ′′) ∪(F ′unionsqF ′′) (V̂ ∪ P̂ Ŵ ).
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minimal Heegaard splitting of F × I relative to F × ∂ I . Hence g(M f ) = g(S ′) = g(P ′′) + g( P̂ ) − (g(F ′) + g(F ′′)) + 1 =
g(M, ∂M) + 2g(F ) − 2g(F ) + 1 = g(M, ∂M) + 1.
Case 2. Hi contains only one copy of F .
Let H ′i = Hi − F . Since F is non-separating, H ′i = ∅. Note that if M is small, then this case never occur since each
component of H ′i is an essential closed incompressible surface in M . So we assume M is not small in the following, and we
see that g(M, F1) = g(M) + g(F1) holds by the assumptions in Theorem 1.
As in Case 1, M f = V ′ ∪S ′ W ′ = (V ′1 ∪P ′1 W ′1) ∪Hi (V ′2 ∪P ′2 W ′2). Therefore g(S ′) = g(P ′1) + g(P ′2) − g(Hi) + |Hi | − 1.
Amalgamating (V ′1 ∪P ′1 W ′1) and (V ′2 ∪P ′2 W ′2) along H ′i , we get (V ′1 ∪P ′1 W ′1) ∪H ′i (V ′2 ∪P ′2 W ′2) = V ′′ ∪S ′′ W ′′ =
M f − F × I = M . Obviously, S ′′ is a Heegaard splitting of M such that F1 and F2 are on different sides of S ′′ , and
g(S ′′) = g(P ′1) + g(P ′2) − g(H ′i) + |H ′i | − 1.
By |H ′i | = |Hi|−1 and g(H ′i) = g(Hi)− g(F ), g(M, F1) g(S ′′) g(S ′)−1+ g(F ) = g(M f )−1+ g(F ) g(M; ∂M)+ g(F ).
Since g(M, F1) = g(M)+ g(F1), g(M) = g(M, ∂M) and g(M, F1) = g(M; ∂M)+ g(F ). Hence all inequalities above become
equalities, i.e., g(M, F1) = g(S ′′) = g(S ′) − 1+ g(F ) = g(M f ) − 1+ g(F ) = g(M, ∂M) + g(F ), so g(M f ) = g(M, ∂M) + 1. 
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